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Abstract3

The past decades have witnessed the flourishing of non-Hermitian physics in non-
conservative systems, leading to unprecedented phenomena of unidirectional invisibility,
enhanced sensitivity and more recently the novel topological features such as bulk Fermi
arcs. Among them, growing efforts have been invested to an intriguing phenomenon, known
as the non-Hermitian skin effect (NHSE). Here, we review the recent progress in this
emerging field. By starting from the one-dimensional (1D) case, the fundamental concepts of
NHSE, its minimal model, the physical meanings and consequences are elaborated in details.
In particular, we discuss the NHSE enriched by lattice symmetries, which gives rise to unique
non-Hermitian topological properties with revised bulk-boundary correspondence (BBC)
and new definitions of topological invariants. Then we extend the discussions to two and
higher dimensions, where dimensional surprises enable even more versatile NHSE
phenomena. Extensions of NHSE assisted with extra degrees of freedom such as long-range

coupling, pseudospins, magnetism, non-linearity and crystal defects are also reviewed. This



is followed by the contemporary experimental progress for NHSE. Finally, we provide the 1

outlooks to possible future directions and developments.

1. Introduction 2

The Hermiticity of a Hamiltonian guarantees its real eigenvalues and orthogonal eigenstates, which
reflects the dynamics and shapes the physical reality of an isolated quantum system with conversed
energy and probability. When encountering with non-conservative systems, however, gain/loss of
the energy and probability leads to the breakdown of Hermiticity and requires non-Hermitian
descriptions [1-3]. It has been shown the non-Hermitian considerations not only provide suitable
descriptions to the open systems, but also bring novel physics and unprecedented phenomena and
applications, as found in a variety of physical realms including open quantum systems [4],
electronic systems with interactions [5], and classical systems with gain or loss [6-20]. For instance,
mathematics suggests that the real eigenvalues do not necessarily rely on the Hermiticity, but can
also be realized if the parity-time (PT) symmetry is satisfied as a form of pseudo-Hermiticity [1,3].
Such a mathematical prediction later on became a physical reality in non-Hermitian systems where
balancing material gain and loss can lead to PT symmetry [9], associated with which, the
eigenvalues of the non-Hermitian Hamiltonian are pure real. Once the balance between gain and
loss is broken, the eigenvalues become complex and a transition point emerges in the parameter
space, known as the exceptional point (EP). The EP signals the transition from the PT-symmetric
phase to PT-broken phase. At the EP, both the eigenvalues and the eigenvectors coalesce, enabling

exotic features such as unidirectional invisibility [11] and enhanced sensitivity [14].

On another front, due to the ubiquitous existence of non-Hermiticity in both naturally-occurring 4

materials and artificial materials, its interaction with periodic/aperiodic lattices has inspired a surge



of research. It was shown that by engineering a photonic crystal plate that radiates energy to its 1
surrounding, a pair of EPs can be created in the band structures in the momentum space, connected
to each other by an open-ended bulk Fermi arc [15], in direct contrast to the isofrequency contours
with closed loops in Hermitian systems. This phenomenon was found to be closely related to the
band topology interplayed with non-Hermiticity. Along this direction, extensive research effort
has been made to explore novel non-Hermitian band physics and associated intriguing phenomena
[21-25]. Therein, a particularly interesting branch has drawn great attention recently, known as the
NHSE [26], which describes the phenomenon that driven by non-Hermiticity, eigenstates of a
lattice with open boundaries exhibit localized behaviors, drastically different from the extended
Bloch waves in Hermitian systems. This phenomenon can be dated back to late 1990s where
Hatano and Nelson [27-28] proposed a 1D disordered tight-binding lattice with nearest-neighbor
nonreciprocal hopping and showed that this nonreciprocity-induced non-Hermiticity can prevent

Anderson localization, opening up a mobility region featuring unidirectional transport.

Very recently, similar phenomenon was also observed during the investigation of the topological 2
properties of non-Hermitian systems. In Ref. [29], it was found driving by nonreciprocal gauging,
the topological edge states become defective and only one of them is stable while the other is not
and dynamically transits into the stable one. Eventually, two edge states become identical. Similar
behaviors were later discussed in another literature where not only defective edge states were
reported, but also all the bulk states were found to change from extended states to exponentially
localized states only by a change of the boundary condition from periodic to open [30]. These
phenomena are counterintuitive to the common rules in Hermitian topological systems and
challenge the well-developed BBC, therefore igniting tremendous research interest. Some seminal

works include revisiting the Hatano-Nelson (HN) model to realize versatile directional transports






As discussed above, the HN model was originally proposed to study the non-Hermitian 1
delocalization and later on was revisited for its unique unidirectional transports enabled by the
newly identified NHSE. In this section, we introduce the fundamentals of the NHSE based on a
clean HN model without disorder, where the Hamiltonian descriptions, the manifestation of the
NHSE and its consequences on eigenstates are provided. The HN model is a single particle,
spinless, prototypical 1D non-Hermitian lattice with nonreciprocal hopping, as schematically
illustrated in Figure 1(a), where the left and right hopping is denoted respectively by t + y and t —
y with y characterizing the strength of nonreciprocity and therefore the strength of non-
Hermiticity. Without considering the disorders and onsite energy potential, the Hamiltonian under

periodic boundary condition (PBC) reads

Hyn(k) = (t + p)e™ + (t —y)e ™, 2 (1)

where k represents the Bloch wave vector and the lattice constant is taken as 1 throughout this 3
review unless specified otherwise. Figure 1(b) shows the single band structure when k runs over
the 1D Brillouin zone (BZ). As expected, in such a non-Hermitian system, the eigenenergy E
becomes complex, with the real part still symmetric with respect to k while the imaginary part
exhibiting an asymmetric property. In fact, this asymmetric property is nothing but an exact
indicator of the nonreciprocal nature of the system, suggesting an asymmetric transport behavior.
That is, the probability of the left hopping does not equal to that of the right hopping. In an extreme
case where t = y, the system only allows for the left hopping while the right hopping is forbidden.
Consequently, upon open boundary conditions (OBCs), particles accumulate toward the left
boundary, as shown by the eigenmode distributions in Figure 1(c-d) for two exemplified cases
witht =y =1andt = 1, y = 0.4. Because the accumulation and localization behaviors share a

phenomenological similarity to the skin accumulation of an alternating AC electric current in a
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Figure 1. (a) The HN model. (b) The energy band under PBC. (c-d) Mode profiles of all the 3

eigenstates under OBCs. The total number of sites (i.e., the chain length) is taken as N = 30.







sensors [14,135]. Higher-order EPs are coalescences of multiple states [see Figure 2(b)], carrying 1

higher-order singularities, which make them even more sensitive than the first-order EPs [136].
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Figure 2. Sketches of (a) a regular and (b) a third-order EPs in gain/loss-induced two-level and 3

three-level non-Hermitian systems. (c-d) Higher-order EPs emerging in the HN model with OBCs.

Contrary to the high sensitivity of EPs in the gain/loss-induced non-Hermitian systems, recent #
studies have shown that EPs in nonreciprocity-induced non-Hermitian systems have strong
fingerprints that can effectively pervade over a wide parameter regime and are possibly associated
with the emergence of NHSE [30,36]. Specifically, it was found that in nonreciprocity-induced
non-Hermitian open systems, high-order EPs appear with algebraic multiplicities scaling with the
system size, whereas the geometric multiplicities remain as 1, as depicted in Figure 2(c-d). This
indicates that at the EPs, all the bulk states coalesce at one state, which was found exponentially
localized at lattice boundary under OBCs, corresponding to the non-Hermitian skin mode.
Interestingly, these multiple coalescences not only affect the eigenstates near the EPs, but also
have a global effect on the entire eigen-spectrum, leading to an extensive amount of bulk states

transiting into skin modes [see Figure 1(c-d)]. Only far from the EPs, the NHSE becomes less
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Figure 3. Energy windings under PBC for (a) the HN model with t =1, y = 0.4 and (b) its 3

2

Hermitian counterpart. (¢) The corresponding energy spectrum under OBC for the HN model in
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(a). (d-f) BZ and GBZ, periodic- and open-boundary spectra, together with the eigenmode 1
distributions, for several non-Hermitian models yielding different GBZs. (d-f) are reproduced with

permissions from Ref. [44].

Compared to the usual BZ with the phase factor e* that encloses a unit circle as k winds from —m 2
to r, the GBZ with f8 in general does not equal to a unit cell as r typically deviates from 1. The
corresponding physical consequences are non-Bloch transports with directional amplifications or
attenuations under OBCs, consistent with the NHSE features discussed above. Rigorous proof also
indicates that while GBZ forms a closed loop similar to the conventional BZ, it exhibits completely
different mathematical features. For example, the GBZ encloses the same number of zeros and
poles for the Hamiltonian as holomorphic functions, such that they cancel each other [44]. This
indicates no matter what base point is chosen, the eigenenergy of the Hamiltonian under GBZ
winds to zero, which further suggests the trajectories of the eigenenergy under GBZ (or in other
words the open-boundary spectrum of the Hamiltonian) should not form any closed loop, but
instead should collapse into arcs or segments. This is consistent with the observations in the
prototypical HN model under OBCs [see Figure 3(c)]. In Ref. [44], several examples that exhibit

versatile NHSE phenomena yielding different GBZs were demonstrated, as adapted in Figure 3(d-

f).

In addition to the relation between the nonzero energy winding under PBCs and the presence of 3
skin modes under OBCs, the same work also suggested an interesting interpretation of the NHSE
by establishing another connection stating that the nonzero winding and the NHSE have the
common physical origin as the nonvanishing current through the system. If the current runs over
a loop, upon truncations, the charge will start to accumulate to one end of the open system and
form skin modes. If on the other hand the current runs on an arc or a segment, the winding over a

12






0 t, + t,e K\ 2
1 2 ) (5)

t, + tyek 0

Hsgy (k) = (




When non-Hermiticity is induced by considering nonreciprocal hopping, however, very different 1
behaviors are observed. Some typical signatures include the localizations for an extensive number
of bulk states, the breakdown of the conventional BBC and the defectiveness of the edge modes.
Based on the above analyses for NHSE, it is expected that driven by the non-Hermiticity, the
originally extended Bloch bulk modes become localized skin modes. More importantly, it has been
noticed that the NHSE also affects the topological properties of the SSH model, leading to a
breakdown of the conventional BBC, as firstly pointed out by Yao and Wang [26] and also
corroborated by some earlier observations [29, 30]. They found that the band gap closing point
identified under PBCs can no longer indicate the emergence of the zero-energy edge modes under
OBCs. Instead, there is a large deviation between the open boundary spectra and the periodic
boundary spectra, as illustrated in Figure 4(j-n) for an exemplified non-Hermitian SSH model with

nonreciprocal hopping, whose non-Hermitian Hamiltonian reads

0 t, + (t, — y)e‘”‘)j - @

Hyp- k) = :
NHSSH( ) <t1+(t2+]/)elk 0

where the nonreciprocity is introduced on the inter-cell hopping and characterized by an offset y. 3
The corresponding interesting behaviors of the bulk and zero-energy edge modes driven by the
NHSE in such a system are presented in Figure 4(o-r), where the bulk states become skin modes
localized around the left chain boundary while the edge states experience a transition from being
separate at the two chain ends to becoming identical edge skin modes localized around the left

chain end. The latter corresponds to the defectiveness of the edge states and will be discussed later.

To establish a generalized BBC, dubbed non-Bloch BBC that is able to describe such non-
Hermitian topological systems, Yao and Wang [26] proposed the GBZ method and based on the
GBZ, they successfully derived the topological phase transition points under OBCs, which were
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Figure 4. (a) The Hermitian SSH model, its energy spectra under (b-d) PBC and (e) OBC. (f-i)3
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restrictions on the hopping particles and accordingly the skin modes do not necessarily scale with !
L%, but instead exhibit versatile varieties. In Ref. [92], Lee et al. combined the nonreciprocity with
chiral symmetry in a 2D square lattice consisting of four hopping sites in each unit cell [see Figure
6(a)]. The nonreciprocity is considered in both x- and y-directions with different threading, such
that by manipulating the threading, the net nonreciprocity of the whole lattice can be skillfully
controlled. It was shown that for a general threading, corner NHSE similar to that in a 2D HN
model is observed, as shown in Figure 6(b). If the nonreciprocity is destructively canceled along
the x-direction, NHSE only appears in the y-direction [see Figure 6(c)]. When the nonreciprocity
is destructively canceled along both directions and hence the net nonreciprocity vanishes,
counterintuitively, corner skin modes were again observed under full OBCs, which were found to
be the consequences of the 1D topological edge states experiencing local nonreciprocity [see
Figure 6(d) for the topological edge states and Figure 6(e) for the corner skin modes]. Considering
their origin, these skin modes are dubbed hybrid skin-topological modes and they scale with L [92].
The similar results have been also generated to three dimensions. Later, a more comprehensive
understating on the skin-topological properties was reported [98], providing analytical deductions

and interpretations for different localization behaviors.

Following this direction, others non-Hermitian lattices yielding NHSE were also proposed. For 2
example, taking the Benalcazar-Bernevig-Hughes model [151] as the extended Hermitian
Hamiltonian, the resultant non-Hermitian model enables an interesting NHSE that hosts corner
skin modes scaling with L while accompanying O (L?) extended bulk modes [95]. In a later work
[99], based on the model in Ref. [95] and by adding on-site disorders, an energy-asymmetrical
NHSE can be obtained where in some regions in the complex energy plane, the corner NHSE

manifests while in other regions, the NHSE disappears due to the disorder localizations.
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Figure 7. (a) Twisted windings in the HN model with long-range coupling and its bipolar skin 3
effect. (b-d) Various windings by manipulating the long-range couplings. The figures are

reproduced with permissions from Refs. [108, 117].
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ways to introduce nonreciprocity, the experimental characterizations of the NHSE, as well as the 1

demonstrated special and unique NHSE features and phenomena.
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Figure 8. (a) The experimental set-up of optical fiber loops. (b) Time-modulation to realize 3
nonreciprocal couplings. (c) A schematic light funnel proposed using the NHSE, whose
experimental measurements are shown in (d-f) for different input of light. The figures are

reproduced with permissions from Ref. [121].

As one of the earliest experimental demonstrations of the NHSE, Ref. [121] used a 1D photonic 4
lattice consisting of optical fiber loops, whose set-up is shown in Figure 8(a). The amplitudes of
the left- and right-moving photons are controlled by a time-modulation on their hopping paths via
a beamsplitter that essentially mediates the hopping strength between the lattice sites [see Figure
8(b)]. When the mediation is neutral, the photonic lattice behaves as an SSH lattice supporting
topological edge states. When the mediation becomes biased, the system becomes nonreciprocal
and the NHSE is manifested, with all eigenstates exponentially localized at the interface terminated
by another photonic lattice with opposite mediation. Based on such an NHSE phenomenon, the
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components, such as local control loops with biased strain-dependent forces [125, 154, 155] and 1
odd micropolar materials constructed with piezoelectric elements whose cycle feed induces
asymmetric bending and shearing [156], were used to break reciprocity. Accordingly, interesting
active and non-Hermitian features were reported, such as odd elasticity [157] and mechanical
robots [155]. In the ultracold-atom experiment, the nonreciprocity was obtained by a momentum-
lattice engineering method which generates a synthetic magnetic flux via the Raman or Bragg
transitions. In this path, the condensed atoms experience a laser-induced dissipation process, while
in the opposite path, the Raman-Bragg coupling is turned off and no dissipation occurs, hence

generating nonreciprocity [129]. NHSE phenomenon was accordingly observed.

In addition to the above discussed active and additive control of couplings, a recent experimental 2
work suggested that in a complete reciprocal system with time-reversal symmetry, it is also
possible to realize NHSE [114]. As shown in Figure 10(a), the system was implemented in a 2D
ring-resonator design, which supports decoupled clockwise and anticlockwise modes. A carefully
designed loss configuration was introduced to the link rings, such that for each of the whisper-
gallery modes, the propagation is nonreciprocal [see Figure 10(b) for the illustration in the x-
direction and similar analyses can be performed in the y-direction]. But for the entire lattice, it
maintains the reciprocity, i.e., for each clockwise mode propagation, there is always a time-
reversed anticlockwise partner. With this design, the authors demonstrated a Z, NHSE in two
dimensions, accompanying clockwise and anticlockwise corner skin modes localized at opposite
geometric corners [see Figure 10(c), compared with the Hermitian counterpart in Figure 10(d)].
This was also dubbed pseudospin-dependent NHSE, as discussed in Section 4. It is pointed out
that although this work was implemented in acoustics but can be readily extended to photonics

where the optical resonator waveguides have been proven to be mature material platforms.
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(a, c-d) are reproduced from Ref. [114].

6. Conclusions and outlooks 3

To summarize, we have reviewed the recent developments of NHSE, by illustrating in details the 4
minimal model, the fundamental theories and physics, its interplay with symmetries, extensions to
higher dimensions, the enrichment with various degrees of freedom, as well as the experimental

progress. We believe such a comprehensive, informative and timely review on this fast-growing
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